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General Construction of Time-Domain Filters for
Orientation Data

Jehee Lee and Sung Yong Shin

Abstract— Capturing live motion has gained considerable attention in coordinate-invariant, time-invariant, and symmetric filter for
computer animation as an important motion generation technique. Canned  grientation signals. We expect our orientation filter to be ef-

motion data comprise both position and orientation components. Although . . Lo e o
a great deal of signal processing methods are available for manipulating ficient as well. We do not focus on deS|gn|ng a SpeCIfIC filter

position data, the majority of these methods cannot be generalized easily to but propose a general scheme applicable to a large class of filter
orientation data due to the inherent non-linearity of the orientation space. masks. Our interest lies in affine-invariant filter masks of which

In this paper, we present a new scheme that enables us to apply a filter ¢, efficients are summed up to one due to their wide applicabil-
mask (or a convolution filter) to orientation data. The key idea is to trans-

form the orientation data into their analogues in a vector space, to apply ity.

a filter mask on them, and then to transform the results back to the ori- In this paper, we represent 3-dimensional orientations by unit
entation space. T_hls scherr_]e_ gives tlmefdomaln f|_|ters for orientation data guaternions. However, our theory can be applied not only to unit
that are computationally efficient and satisfy such important properties as . . . .
coordinate-invariancetime-invariance and symmetry Experimental results ~ quaternions but also to any orientation representation that form
indicate that our scheme is useful for various purposes including smoothing a Lie group[4]. Unit quaternions as well as rotation matrices

and sharpening. form a Lie group, for which exponential and logarithmic maps

Keywords— Orientation and Rotation, Unit quaternions, Motion signal .
. . Dt LTINS, . are defined.
processing, LTI filters, Convolution filters, Coordinate-invariance, Time- . . . .
invariance. In the following section, we review previous approaches that
have motivated our work. In Section Ill, we give a brief in-
|. INTRODUCTION troduction to LTI filters and orientation representation. In Sec-

tion 1V, we present our filtering scheme in detail. Examples

Achieving realistic motions is a fundamental issue in CONYt orientation filters are given in Section V. In Section VI,

puter animation. Capturing live motion has gained conS|deral3\I,% discuss detailed implementation issues and illustrate rele-

attention as a promising motion generation techniques. The pigiy oy herimental results. In Section VII, we discuss previous

Ilfelrat|on of Tghl); detaﬂs_d motlonddata_hasdstlmulﬁf[eg _thel de; proaches in comparison to our filter design scheme. Finally,
velopment of tools to edit canned motion data which inclu fe conclude this paper in Section VIII.

both position and orientation components. A significant body o
research is available for processing position data, but research
on orientation data has recently been emerging. In particular,
we note the efforts to generalize conventional signal processingn this section, we discuss previous approaches to draw the
and geometric techniques to manipulate orientation data [1], [@dquirements of quaternion filters. The difficulty of filtering
[3], [5], [9], [10], [15], [16], [17], [18], [22], [24], [25], [26]. unit quaternion data stems from the non-linear nature of the unit
LTI (Linear Time-Invariant) filtering, which is equivalent toquaternion space. Since the unit quaternion space is not closed
convolution filtering, is a fundamental technique in modern sigmder addition and scalar multiplication, the weighted sum of
nal processing and has been used over a wide range of sigmét quaternion points is generally not a quaternion of unit
processing applications that include time- and space-domain fiagth. One popular approach is to apply a mask to each com-
tering, approximating frequency-domain filtering, and multireponent of unit quaternions separately and then to re-normalize
olution analysis [7], [11], [12], [21]. Given a vector-valued sigthe filter response to guarantee the unit magnitude [1]; however,
nalp; € R? and a filter masKa_, - ,ap, -+ ,ax), LTI fil-  re-normalization can incur side effects such as singularity and
tering is to sum the products between the mask coefficients amkxpected distortion as discussed in Section VII-A.
the sample values under the mask at a specific position on th&everal methods employing exponential and logarithmic
signal. Thei-th filter response is maps have been introduced to avoid re-normalization. One is
to transform quaternion points to the tangent space through log-
F(pi) = apPi—k + -+ aoPi + -+ akPivk- (1) grithmic mapping, to apply a filter to the points in the tangent
. . . pace, and then to transform the results back through exponen-
A variety of methods have been investigated to apply a fst__tion [8], [9]. Johnstone and Williams suggested a similar

ter mask to orientation signals; however, many of those me . ) 3
ods suffer from the lack of such important filter propertie@ethOd that uses rational mapping betwsgandR” [13]. The

as coordinate-invariancetime-invariance andsymmetry Our common idea behind these methods is to linearize the input sig-

goal is to find a better analogue of Equation (1), that is, nal by projecting unit quaternions into a vector space. ;—|owever,
itis well known that any global mapping betweghandR? has
The authors are with the Department of Electric Engineering and Compugsingularity. The major drawback of thegiebal linearization
Ec'encevdKomi Adva“CEdPSt_'tUteF?f chf?”cef i”d Tecmo'f(?gy (KAr:ST)v $73ethods is that undesirable results are produced if the input sig-
usung-dong Yusung-gu, Taejon, Republic of Korea. The first author recently . - . . . )
moved to the Robotics Institute at Carnegie Mellon University. nal is near to a singular point. Therefore, the filter response is

E-mail: jehee@cs.cmu.edu, syshin@jupiter.kaist.ac.kr dependent on the position in the reference frame. This observa-

II. BACKGROUND
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I1l. PRELIMINARY
A. General Properties of LTI Filters

Applying filter masks to an input signal yields a class of time-
domain filters. It is well known that those filters are both linear
and time-invariant, and no others satisfy both of those proper-
ties [11], [12]. Hence, afilter in that class is called an LTI (Lin-
ear, Time-Invariant) filter. Lef be a filter that maps a discrete
signal inR? onto another iR?. The filter islinear if and only
if

Fig. 1. The drifting problem in cumulative local linearization

F(ap; + bpl) = aF(pi) + bF(pl) 2

tion implies thaglobal linearizationis not coordinate-invariant. holds true for any given scalar valueandb, and vector-valued
Fanget al. [5] suggested docal linearizationmethod that signalsp,, p; € R?. The filter istime-invariantif its response

is coordinate-invariant. They exploited spatial coherency tes not depend on the time instance when the filter is applied.

linearize the angular displacement between each pair of coldle can formulate this property more elegantly by introducing

secutive points in the signal. With this idea, they presentstift operatorS’ that translates the signal in the time domain by

a three-step algorithm that first computes a sequence of angsteps:

lar displacements, then applies a filter to the sequence, and fi- .

nally reconstructs a quaternion signal by integrating the filtered S'(pi) = Pi-t- 3)

sequence of angular displacements. Even though coordingigy, we can define the time-invariance as follows: The filter
invariance is guaranteed by virtue of local linearization, the inte- i5 time-invariant if and only ifF commutes with the shift
gration at the final step incurs a drifting problem; small Changﬁﬁerator thatisF oS! = S'o F. Another important property is

of angular displacement vectors can result in large discrepang%]metry-l—he filter F is symmetric ifF commutes with mirror
at the end of the signal (Figure 1). This observation implies thafaction operatoR:

local linearization is neither time-invariant nor symmetric.

Multi-linear methods based oslerp (spherical linear inter- FoR=RolF, (4)
polation) are both coordinate-invariant and time-invariant [23
[25]. A typical example is the construction of quaterniogeier
curves suggested by Shoemake [25]. A point oreai@r curve
is defined as an affine combination of its control points, whi
can be computed by a series of linear interpolation by the
Casteljau algorithm. Shoemake generalized the de Casteljau a _ . . .
gorithrL to cc?mpute an affine comgbination of unitquaternior{s as x3 ”.‘"%‘”'X gndb ISa vectqr fro.m['R{“. IT the sum of !ts
converting it into a series of slerp. However, most of the va i_ask.coefﬁments is one, an LTI .fl|t§'l"’ is invariant under affine
ants in this category are computationally less efficient than tﬁgordmate transformation, that is,
aforementioned linearization methods which need to evaluate Fod—doF. (5)
exponential and logarithmic maps once per each sample point.

A stream of research addressed the problem from the viehhis equation implies that the filter response/ofis indepen-
point of functional optimization. Lee and Shin [17] formulatedlent of the choice of the coordinate system in which data points
rotation smoothing as a non-linear optimization problem and dare represented. The affine coordinate transformation consists of
rived smoothing operators from a series of fairness functiongignslation, rotation, scaling, and shearing. Among them, only
defined on orientation data. Hsiehal.[10], [15] presented a rotation is applicable to orientation data. Hence, in this paper,
similar formulation for which the strain energy is minimizedcoordinate transformation means rotation and thus can be repre-
They modified the traditional gradient-descent method to ret&@nted by a unit quaternion.
the unitariness of quaternions during optimization. The opti-
mization approaches provide time-domain filters for smoothi
orientation data. However, this idea is not based on filter mask-The four-dimensional space of quaternions is spanned by a
ing and thus does not easily generalize to other types of filterseal axis and three orthogonal imaginary axes, denoted by

Our goal is to develop a filtering scheme which is as efficieandk, which obey Hamilton's rules
as the linearization methods and guarantees both coordinate-

lhere R(p;) = p_i. An LTI filter is symmetric if its mask
coefficients are symmetric. Because asymmetric filters could
Cﬂ'nift the moments of a signal, symmetric filters are preferred in
qany cases [71, [11], [12].

Let ®(p;) = Ap; + b be an affine transformation where

Orientation Representation

o

and time-invariance. Our approach can be classified as a local 5 ~ J* - K L k :A_l’

linearization method in the sense that it transforms the orienta- ij =k, Ji=—k,

tion data into their analogues in a vector space, applies a filter Jk =1, kj = —i, and (6)
mask on them, and then transforms the results back to the ori- i = 7, =5

entation space. Unlike Fargt al’'s method [5], our filtering
scheme has no drifting problem such as the one shown in FigJearly, quaternion multiplication is not commutative. Conven-
ure 1. tionally, we denote a quaterniap= w + zi + yj + zk by an
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ordered pair of a real number and a vectpss (w,v) € RxR?,
wherev = (z,y,2). Quaternions form a non-commutative
group under multiplication with its identity = (1,0, 0,0). The
inverse of a quaterniogisq~! = (w, —x, —y, —2)/(w?+x>+
y? + 2%). A quaternion of unit length is called a unit quaternion,
which can be considered a point on the unit hyper-spiére

From the fundamental theorem presented by Euler, any ori-
entation of a rigid body can be represented as a rotation about a
fixed axisv by an angle € [0, 27), wherev is a 3-dimensional
vector of unit length. Any rotation maR, € SO(3) can be Fig. 2. The transformation between linear and angular signals
described by a unit quaterniap = (cos §,vsin%) € S*® as
follows:

]R3

Theslerp(spherical linear interpolation) introduced by Shoe-
Ry(p) = aqpq™", for p € RS, (7) Mmake [25] parameterizes the points on a geodesic curve to com-
pute the in-betweens of two given orientatiensandqs.
Here, the vectop = (z,y, 2) is interpreted as a purely imag-
inary quaternion(0, z,y, z). Note thatR, = R_; that is, slerp;(q1,q2) = qiexp(t-log(q; 'qz))
two antipodal pointsq and —q represent the same rotation in ai(qy 'q2)". (10)
SO(3). Therefore, the mapping betweBh andSQ(3) is two-
to-one. Even with the two-to-one mapping, unit quaternions alerp,(qi, qz2) describes an angular motion on the geodesic be-
used widely instead of rotation matricesS@(3) for their com- tweenq; andq, ast changes uniformly from zero to one. This
pactness and computational efficiency. motion has constant angular velocitg(q; 'qz). In that sense,
The tangent vector at a point of a unit quaternion curitg¢ € thegeodesic norm
S* lies in the tangent spack,S® at the point. Multiplying the
tangent vector by the inverse of the quaternion point, the tangent dist(qi, p2) = || log(py 'p2)|| (11)
space can be brought to coincide with the one at the idehtity
(1,0,0,0). Any tangent vector at the identity is perpendiculdf & natural distance metric in the unit quaternion space.
to the real axis and thus must be a purely imaginary quaternion,
which corresponds to a vector &*. In physics terminology, V- T/ME-DOMAIN FILTERS FORORIENTATION DATA
the purely imaginary tangent is identical to the angular veloci®y. Key Idea
w(t) € R? of gq(¢):

The ingredient of linearization is a transformation between
L. the orientation space and a vector space that is used to project
w(t) = 74 ()a(), () orientation data onto the vector space. To establish a relation-

o ) ) . ship between a linear motign(t) € R3 and an angular motion
which is measured in the local coordinate frame specified Pﬁ(t) € S%, suppose that the linear velocity pft) and the an-
qa(t). Here,% is an instantaneous axis of the rotation, angular velocity ofq(t) have the same value. Then, we can con-
|lw(#)|| is the rate of change of the rotation angle about the ax&sder their common velocity profile(t) € R3, which satisfies
Because the unit quaternion space is folded by the antipoddt) = p(t) = %q_l(t)(j(t) for anyt. Note that both linear and
equivalence, the angular velocity measurefiiis twice as fast angular velocities are measured in 3-dimensional vector spaces.
as the angular velocity measuredS®(3). The constant factor If we integratew(¢), the linear motionp(t) can be obtained as
% in Equation (8) keeps consistency between the unit quaterntbie solution of the differential equatian(t) = p(¢) with the
space and the rotation space. initial conditionp(0) = py. If we regarduo(t) as an angular ve-

One of the main connections between vectors and unit quatecity of a certain angular motion, then that motigft) can also
nions is the exponential and logarithmic mapping. Given ks obtained from the differential equatiort) = %q*l(t)q(t)
purely imaginary quaternioq = (0,v), quaternion exponen- with the initial conditionq(0) = qo. This observation leads to
tiation gives a quaternion of unit length which can be expressadatural transformation betweei(it) andq(t).
in a closed-form. For a discrete velocity profil§w; € R3}, the discrete ver-

v o 5 sion of the differential equation(t) = p(t) gives a solu-
exp(q) = exp(0,v) = (cos [|v]], T V) €S”. (9 tion in a simple summation forp; = po -+ > —ow;s, where
w; = Ppj+1 — p;.- However, this kind of additive cumula-
For simplicity, we often denotexp(0, v) asexp(v). This map tion can be problematic for integrating unit quaternion data be-
has a singular point and is not one-to-one at that point. To dmuse of the unitariness constraint. Adding displacements to the
fine its inverse function, we limit the domain such that| < =.  unit quaternion data can result in deviation from the unit hyper-
Then, the exponential map becomes one-to-one and thus itssiphereS3. To avoid this problem, we employ exponential and
verse mapog : S*\(—1,0,0,0) — R3 is well defined. Geomet- logarithmic maps that give a “multiplicative” representation of
rically, exponentiation and logarithm give mappings betweamgular displacements. Lét;; € S3|i > 0} be a unit quater-
the tangent spacg S? = R? at the identity and the unit quater-nion signal that forms a piecewisterpcurve. Through a simple
nion space?. derivation, each poind; can be represented as a cumulation of
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displacements from a start point:

a; = (dogp (ara; )+ (qi—1a; ) )a

=qo(ay 'a1) - (g a;)
1—1

Pi+1 Pi+2

= qo [] exp(w)), (12)
7=0
wherew; = log(qj*lqjﬂ) € R3. Note that the angular dis- F
placement between two successive unit quaternigrsidq ;4 £ 1

can be parameterized by a 3-dimensional veetomwhich rep-
resents the angular velocity of tekerpmotion that starts a;
towardq;y;. Thus, we can reconstruct the original signal ex-
actly from a start poingjy and a sequence of angular displace-
ment vectorgwy, w,ws, - - - ). ltwas proved that the multiplica-
tive cumulation of angular displacements converges to the solu-
tion of the differential equation(t) = q~*(¢)q(t) as the time
step between successive sample points approaches zero [14].
Given a discrete quaternion sigr@l= {q; € S}, we define Fig. 3. The conceptual view of filtering orientation data
its vector counterpat? = {p; € R*} in such a way that each
linear displacement; ; — p; equals the corresponding angular
displacementog(q; *q;+1). Letpy € S* andgy € R? be the
start points ofP and @, respectively. ThenP and (@ can be
transformed to each other as follows (Figure 2):

i) —Pi) ,pi(f(pi)—pi

a mask toP in a normal way, and finally to generate a filter
response through the inverse transformation (Figure 3).

We can now expand and simplify Equation (16) step by step to

_1 reveal the algebraic and geometric structures of the filter. First,

Pi =Po+ Z log(q; "g;+1), and (13) e need to show that our filter has a local support. The notion of
=0 local support is important in designing a filter that corresponds

i—1

i—1 . : s
to a mask of finite size. Letting!. = pi+m — Pi»
@ = qo [ [ exp(pj+1 — p))- (14) oo
J=0
m=k
With this transformation, the estimated velocity of the linear H(q:) = q exp<( UmPitm) — pi>
motion represented by is identical to the estimated angular m——k
velocity of the angular motion represented®y m—k
B. Filter Design - exP( Zk @ (Pitm = pi))
—
As given in Equation (1), leF be an affine-invariant filter of m=k
which coefficients are summed up to one: =q exp< > ampjn) , (17)
m=—k

F(pi) = a—ppi—k +---+aop; + - + axPi+x, (15)

In Equation (17), the angular displacement gained-bis de-
scribed in terms of the masking operation opér, which can
ke computed from Equation (13) as follows:

WhereZﬁl}k am = 1. If we apply F to the vector signaP,
then each point is displaced b§ (p;) — p:), which is the filter
gain of . The key observation of our approach is that there €
ists a one-to-one correspondence between linear displacements

(or linear velocity) and angular displacements (or angular veloc- m -1 ; >

ity). We define the corresponding orientation filférin such a i OZFI log(Q; 4 19i+5); :; 2 = (1)7 )
way that it yields angular displacemdnt(q; 'H(q;)), which Prm = ’ ’
is equal to the linear displaceme#(p;) — p;) gained byF.

The resulting orientation filter is

St —loglay i qis), if m< -1

Clearly, H(q;) is locally supported by the neighboring points
H(qi) = qqexp (}"(pi) - pl> (16) (Qi—k, - Q> - ,di+k)- The size of support of{ is identi-

cal to that of 7. One interesting observation is that the explicit
uation ofp; andF (p;) is not actually needed for computing

The unitariness of filter responses is guaranteed because theg) . : :
b g q;), althoughH is defined in terms of them.

guaternion space is closed under the quaternion muItipIicatig'rﬁ
Conceptually, our filtering scheme is to transform the input ori- Further simplification of Equation (17) will give an effi-
entation signat) to its analogueP in a vector space, to applycient algorithm to evaluate filter responses. Letting =
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log(q,;lqiﬂ), Proof:  The first step of our proof is to show that
exp(b~!lvb) = b lexp(v)b for anyv € R® andb € S3.
(a) = avesp oo Sincelv| = |b-vb].
4 ap(w; +wist) + - exp(bvb) = (cos [v]. S tv)
tar(witwipr ot wige-1) sin[|v[|, _4
i = (cos [v].0) + (0. Z b vb)
—a—a(wi-1 +wi—2) — - sin [|v||

= b !(cos |v|,0)b +b1(0, v)b

_afk)(wifl +w12+..+wlk))> s. H || ||V||
S11L ||V

=b ! (cos vl v v)
v
=4q; exp<(a1 +as+ -+ ap)w;

=b lexp(v)b.

tlaxt o Fap)wi + oo Similarly, we can show thalbg(b—'gb) = b~'log(q)b for

+ apwitr—1 anyq andb € S3. Then, we have
— (a1 +a—o+ -+ a_g)wi—1 b1
—(a—g+ - F+a_p)wi—g — - H(aq;b) = aqg;b eXp( Z b, log(b_lqiﬁma_laqwmﬂb))
k—1 m=—k
=q; exp( Z bmem), (19) k-1
ek = aq;bexp (bl Z b, lOg(qi_:mqi+m+1)b>
m=—k
where el
—_ . -1 .
b, = Z?Zm—&-l aj, if 0 <m< k — 1’ (20) —adiexp (mz;k bm 10g(qi+qu+m+1)>b
" ot —aj, if —k<m<O0. -
J = aH(q;)b.
Equation (19) lead to a filtering algorithm: m
1. Computeb_, - -+, bp—1. Since the support df{ is finite, we can show that is time-

2. Computew; = log(q; 'q;41) for all . invariant.

3. Computet{(q;) foralls. _ Proposition 2:  is time-invariant.
The most time-consuming operations in the algorithm are expo-  pyqof: Using Equation (19), we show that commutes
nential and logarithmic maps that involve transcendence fungyy, st for anyi: ’

tions. Givenn quaternion points, the second step of the algo-
rithm computes logarithmic mappingtimes if the input signal _, kol ,
is cyclic, andn — 1 times if the input signal is noncyclic. The® © H(ai) = qi-1exp Z b 108 (A g ) — A(i+m+1)—1)

third step computes exponential mappimdimes. Therefore, m=—Fk
we need to compute a pair of exponential and logarithmic maps k-l .
for each point in the algorithm. = Qi eXP( Z b 1Og(q(iz)+mq(i—l)+m+1))
m=—k
C. Properties of Orientation Filters =H(q,1) =Ho gl(qi).
As mentioned earlier, the exponential magp(v) is defined -

for all v € R3 but its inverse, that is the logarithm, is not well

; Now, we show that{ is symmetric for any given symmetric
defined at-I = (—1,0,0,0). To evaluatev;, we need to as- y g 4

. : > coefficients.
sume that the angl_e betweejll any pair of consegutn{e points I%roposition 3:H is symmetric, if its coefficients are sym-
smaller thanr, that is,|| log(q; "q;+1)[| < m foralli. winthe 40

unit quaternion space is equivalen®toin the orientation space, Proof: The proof will be complete if we show tha

and thus our assumption does not create a problem in praCtiC&Jmmutes WithR. We first expandR o H using Equation (19):
The orientation filterH inherits important properties from ' '

LTI filters. The first property that we will prove in this sec- k-t

tion is coordinate-invariance. Due to this property, our filter® © H(a:) = CI—ieXP< Z b, log(qji_mq_i_m_l))
yields the same results independent of the coordinate system m=—k

in which the orientation data are represented. The following k-1

proposition shows that is invariant under both local and global =g eXp( Z b log(qgmﬁlim)_l)

m=—k

coordinate transformations, that i%{(q;)b = H(q;b) and
aH(q;) = H(aq;), respectively. k-1

Proposition 1: 7 is coordinate-invariant, that ia}{(q;)b = =q- eXp( Z —bm IOg(q_zl—m—lqim)>~
H(aq;b) for anya andb € S3. m=—k
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From Equation (20)b,,, = —b_,,_1 whena,, = a_,,. There- C. Sharpening

fore, lettingn = —m — 1, Our final example is a high-frequency boost filter. Sharpen-

ing has commonly been achieved through filter masking to re-
veal the detailed features of the signal more clearly [7]. Because
the fine details of a signal are the primary contributors to the
high-frequency components of a signal, high-frequency boost-
ing sharpens the signal. The high-frequency components can
be extracted by blurring the original signal and subtracting the
blurred signal from the original one. The high-frequency com-
ponents thus obtained are added to the original signal as follows:

RoH(q) =q—; eXp( —b_pn—1 1Og(qg+nqi+n+l))

k—1
=q-;exp

k-1
n k

bn IOg(Q—zl-&-nqi+n+1)>
n=—k

=H(g-i) = HoR(q).

u (high-boost)= (original) + A(high-pass)

V. EXAMPLES = (original) 4+ \((original) — (blurred))

In this section, we provide examples of orientation filters thitthe binomial maski3° is used E%i?gkmi_q% the original sig-
correspond to popular filter masks for smoothing and sharpéldl, thenthe coefficients;g, =, =15, 55 7¢) for sharp-

ing. ening are obtained. By substituting the coefficients in Equa-
tion (19), we have the orientation filter
A. Smoothing \
U —a: s Bl — s
Our first example is a smoothing mask that is of practical use't (@) = ai eXp<16 (wi—2 +5wi—1 — bwi w1+1)> (25)

in signal processing. The smoothness meagulte” (¢)||%dt . ) . ) .

is minimized if the corresponding Euler-Lagrange equatidhat performs high-frequency boosting on orientation signals.

p””(t) = 0 holds true [6]. The discrete version of the Euler-

Lagrange equation\*p; = 0, is obtained by replacing differ-

ential operators with forward divided difference operators. It & Implementation Issues

well known that an iterative scheme using a local update rule  There exists inherent ambiguity in a unit quaternion signal

4 due to antipodal equivalence. Because any unit quaternion point

Pi = Pi — AA'P; (1) and its antipode represent the same orientation, the signs of

iéjaternion points in a captured signal are often chosen arbitrar-

VI. EXPERIMENTS

gradually adjusts the data points to approach the optimal
lution. Here, A is a damping factor that controls the rate o

convergence. This update rule yields an affine-invariant mag
(—)\ 4N 24—6X\ 4N\ =)

. However, filter responses are quite dependent on the signs,
d thus they must be corrected consistently. We determine the
o o n of each point in the signal so that the point is placed near
240240 24 24> 31 ), Which is very popula_r In s!gnal_ Pr0”iis adjacent neighbors. To do so, we first fix the sign of the
cessing applications. _The corresponding orientation filter CARLt pointq, and then replaca; with —q; sequentially for each
be derived from Equation (19) as follows: 1 > 0, if the geodesic distance betwegn ; andq; is larger
A thanZ.
HS(qZ-) =q; exp(24(wi2 — 3w;i—1 + 3w; — wiﬂ)). (22) In general, the input signal is neither infinite nor periodic.
The signal has boundary points, and the left boundary seldom
has anything to do with the right boundary. A periodic exten-
sion can be expected to have a discontinuity. The natural way to
A more popular class of filters are derived from the binomigloid this discontinuity is to reflect the signal at its endpoints to
distribution [11]. Binomial coefficients give a low-pass fiIterseam|ess|y extend the signal. (e, - - - ,q,) be a unit quater-
that suppresses Gaussian noise and blurs the details of the sigfigh signal andv; = 10g(qflqi+1), 0 < i < n, be the angular
Th_e coefficients of an odd-siz¢@k + 1) binomial mask can be displacements of the signal. Then, the extension of the signal at
written: both boundaries yields
1 (2k)!

gkl =~ \&N) _k<i<E 23 ) Wi if <0,
N T L SR U P (29

B. Blurring

For a largek, the binomial distribution closely approximated. Experimental Results

Gaussian distribution. Thus, binomial masks are often used fokys first apply our orientation filter to synthetic motion data to
approximating the ideal Gaussian filter. In particular, the oriegysajize the effect of filtering as shown in Figure 4. The initial

tation filter which corresponds B° = ({5,761 76 16) IS orientation data (top left) are sampled uniformly from a quater-
derived from Equation (19): nion spline curve, and random noises are added to the samples
1 through multiplying each samplg; by the exponent? of a
HB(qi) =q; eXp<(_wi_2 — Bw;_1 + bw; + le))_ random 3D vectof{d;|| < 0.2. The random perturbation makes
16 each sample point displaced in a random direction up to 0.2 ra-

(24)  dians. we apply smoothing filtérS to the initial motion once
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Fig. 4. Bird flying

(top right), twice (bottom left), and ten times (bottom right) taive sample points distributed evenly on a great arc, their average
illustrate a series of incrementally refined results. The smootik-zero and thus normalization is impossible (Figure 6). In this
ing effect is clearly observed along the trajectories of the tips cése, the filter response should be identical to the original point
the wings. under the mask, since the average filter does not alter a symmet-

We also apply filters to captured motion data. Our motiatic configuration. In our filter, angular displacement vectors to
capture systen\lotionStar Ascension Technology) consists ofoe blended are cancelled out by symmetry and, therefore, the
a magnetic field transmitter and 14 trackers, each of whichderrect result is produced.
attached to a body segment of a puppeteer and detects both po-
sition and orientation of the segment measured in the global - Global vs. Local Linearization
ordinate system. We captured the stretching motion of a live
athletic sampled at the rate of 30 frames per second. Figure 5(a) he naive use of the exponential and logarithm maps can lead
shows the quaternion signal for the left shoulder. the X-axi@ & troublesome orientation filter
represents the frame numbers of the signal and the Y-axis rep-
resents the value of each component of unit quaternions. The H(q;) = exp <f(10g(qi))>. 27)
magnitude of angular acceleration is plotted to show the noise
in the captured signal (Figure 5(b)).

In Figures 5(c) and (e), smoothing filtet&® andH 2, respec- Because the logarithm of a unit quaternion is not well defined at
tively, were used to reduce the noise in the signal. Each filted = (—1,0,0,0), the filter’{ is also undefined at that point.
was applied to the signal five times. The effect of smoothing firthermore 7(q;) is not invariant even under constant rota-
clearly shown in the corresponding magnitude plots of angufé®n. and thus we can have quite different results for the change
acceleration (Figures 5(d) and (f)) On the Contrary, the h|gﬁf the coordinate System in which the orientation data are rep-
frequency boosting filtekU enhances the high-frequency comtesented. The main reason for these problems is that there is no
ponents of the signal and thus the estimated angular acceleraglgally non-singular mapping betwesi andR?. Instead, we

vectors are magnified as expected (Figures 5(g) and (h)). ~ €xploit a local linearization technique to avoid the singularity
problem. The exponential and logarithmic maps provide a natu-

VIIl. DISCUSSION ral, non-singular parameterization for “small” angular displace-

.ments. Thus, the parameterization of angular displacements is

As mentioned earlier, several different methods for des'gmg%gularity—free if the geodesic distance between each pair of
orientation filters are available. In this section, we compare our log(q "qist)|| < 7
i i+1

filter design scheme with those of others sliccessive points is less thanthat is,
9 ) for all <. It should be noted that a 3-dimensional vector is an

exact representation of the angular displacement, not an approx-
imation.

In practice, there-normalizationmethod works well if the
input signal is sufficiently dense. However, we have to degl ~,mulative vs. Non-cumulative Linearization
with coarse signals in applications such as multiresolution anal-
ysis in which the input signal is filtered and down-sampled suc-Fanget al.[5] also employed the idea of the local parameter-
cessively [3], [19], [20]. For example, if the average filteization to design an orientation filtét in which a given filtertF

(%, %, %, %, é) is applied to the signal that includes five consecus directly applied to a sequence of angular displacement vectors

A. Re-normalization
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Fig. 5. Experimental results
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VIII. CONCLUSION

Filter masking is a simple, powerful technigue for digital sig-
nal processing. In this paper, we presented a novel scheme to de-
sign orientation filters that correspond to given filter masks. We
showed that our orientation filters are computationally efficient
and have such desirable properties as coordinate-invariance,
time-invariance, and symmetry. We also provided examples that

Fig. 6. A singular configuration of re-normalization

perform smoothing and sharpening on orientation data.
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as follows:

hen
Gyu
Hod
wherew; = log(qj‘lqjﬂ). However, this filter has drawbacks.

To illustrate, consider the support of the filter. Since the re-
sponses of- are explicitly accumulated to produce the responsgg
of H, the value ofH(q;) is influenced by the non-local, asym-
metric neighbor$qo, - -+ ,q;, - -+ , Qi+x) Of q;. Thus, small de- 2]
viations in the support can be accumulated to yield larger d{s—
crepancies at the end of the signal as shown in Figure 1. In our
orientation filter, (3]

[4]
(5]

H(a;) = qo i_li[:eXp <-7:(Wj))v (28)

(a) = asoxp( Fp0) ~ i)

m=Fk

Z bmwi—i-m

m=—k

(6]
(71

(29)

)

so that we consider only the displaceméhi{p;) — p;) gained [8l
by a given filter. Unlike the direct filter respong€p; ), this dis- (9]
placement is computed from a local neighborhoodofvithout
explicitly evaluatingp; andF(p;). Therefore, the deviation at

a frame is not propagated to other frames and thus the filter it
sponses are time-invariant.

=4q; eXP(

[11]
D. Multi-linear Methods 12

As mentioned earlier, multi-linear methods guarantee all
properties that we expect orientation filters to have. Multi-line&q!
methods are coordinate-invariant becagksp is coordinate- [14)
invariant. Time-invariance and symmetry are also guaranteed
for multi-linear methods that have a local support and a sy
metric mask. However, their major drawback is that they are
less efficient than linearization methods. The de Casteljau-like
algorithm takesD(k?) slerpfor each point, wheré is the size [16]
of filter mask. The most efficient version of multi-linear meth-
ods needs at least — 1) slerp computations for each point.[17]
This computation cost is much heavier than that of linearization
methods which compute a pair of exponential and logarithmic
maps for each point; note that the computation cosskerpis
equivalent to the cost for evaluating a pair of exponential aff!
logarithmic maps. Instead, linearization methods require addi-
tional storage for keeping the results of transformation. Our ge]
gorithm requiresD(n) space for storing a sequence of angul 51]
displacement vectors, whends the number of input quaternion[zz]
points.
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