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Abstract

Motion capturing is widely used for generating real-
istic motions. A 3D input device captures a sequence of
6 DOF rigid motion samples. The sampled data con-
sist of two components, translation and orientation;
the former is represented by a vector in R3 and the lat-
ter by a rotation matriz in the rotation group, SO(3).
Since the sequence of data contain sampling noises,
the captured motion is not smooth and wiggles along
the moving path. There are well-known fairing algo-
rithms in Euclidean space based on difference geome-
try. Extending these for the motion data, we present a
new fairing algorithm. The new algorithm iteratively
minimizes the energy function reflecting the forces and
torques, ererted on a moving object, to perform motion
fairing.

Keywords: Quaternion, rotation, SO(3), S3, fairing,
signal processing

1 INTRODUCTION

Motion control of a human-like articulated figure is
a fundamental problem in computer graphics. Tradi-
tional keyframing techniques provide editing and ma-
nipulating tools for motions based on spline interpo-
lation. Recent progress in orientation interpolation
makes it possible to generate rigid motions consist-
ing of smoothly varying positions and orientations.
However, the manipulation of an articulated figure by
means of keyframes and spline curves is a very complex
task that requires highly developed human skills.

Recently, researches on motion control aim to auto-
matically synthesize realistic motions. Dynamic sim-
ulation techniques have been used for generating the
motion of an articulated figure without a self-actuating
force [9, 13]. Specialized motion controllers have
been constructed for walking, hopping, and swinging

through the careful analysis of each motion [1, 14].
These approaches often suffer from lack of interac-
tivity. Since motions are governed by a controller,
animators can not explicitly edit the motions. The
spacetime control is deviced to overcome this prob-
lem [18, 3]. Through numerical optimization, user-
specified boundary postures are interpolated. How-
ever, it requires heavy computation to solve con-
strained dynamic equations.

An alternative is to capture data from a real actor
in motion instead of automatically generating them.
Since 3D motion capture devices have recently be-
come commercially available, they have widely spread
for obtaining realistic and complex motions. However,
the captured data are not smooth enough to give an
intended motion sequence. For virtual reality applica-
tions, a virtual agency moves according to the signal
received from a 3D input device such as a data globe.
Since the control signal contains sampling noises, the
controlled agency unwillingly wiggles. Therefore, a
sequence of sampled data must be faired to give a
smoothly varying motion.

A posture of a rigid body in R3 can be represented
by a Cartesian product of two components: one in Eu-
clidean space R3 and the other in the rotation group
SO(3) [4, 11]. The former represents the center posi-
tion of the rigid body, and the latter does its orienta-
tion. Considering an articulated figure, a posture of
a freely rotating limb can be represented by the rota-
tional component. The fairing in B3 is well-established
in computer-aided geometric design [7, 6, 16]. How-
ever, there are few results on fairing a sequence of ori-
entation samples. In this paper, we present a new fair-
ing algorithm that iteratively smoothes 6 DOF rigid
motion data.

Section 2 discusses an underlying idea for our ap-



proach in motion fairing. In Section 3 we introduce
a unit quaternion to compactly represent an orienta-
tion, and discretize an energy function using forward
difference operators. Section 4 provides a physical in-
terpretation of the energy function. Section 5 presents
our fairing algorithm, and Section 6 gives experimental
results. Finally, Section 7 concludes this paper.

2 BACKGROUND

In geometric modeling, fairing plays an important
role for designing high quality curves and surfaces.
There are rich results on fairing to get an aestheti-
cally pleasing and functionally useful curve [7, 6, 16].
In most of literatures, the resulting curve minimizes
the weighted sum of derivatives of the curve, which is
given by

ﬂm=LZ¥deMWa (1)

where C(™)(5s) is a m-th order derivative for a curve
C(s) which is parameterized by arc length. If we
choose weights a,, such that
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then the function is reduced to the strain energy of a
spline curve, given by

AM®:LM@WS (2)

which is frequently used to fair a curve.

Free-form curves and surfaces are produced by digi-
tizing a clay model or a prototype, which gives a piece-
wise linear curve(PLC) passing through a sequence of
digitized points [5, 8, 15]. Eck and Jaspert suggested a
PLC fairing algorithm which minimizes the estimated
strain energy function.

For a unit quaternion curve Q(¢) which describes a
rotational motion, the energy function in Equation (1)
does not work. For example, let Q;(¢) be a rota-
tional curve with a constant angular velocity. Then,
it moves along a great arc of the unit hyper-sphere,
22 +y> + 22 +w? = 1. The curve is optimally smooth,
but ||Q§2)|| is 1 instead of zero. Moreover, there exist
non-geodesic curves with the same second derivative.
This shows that QU)(t) may not be a good criterion
for measuring the fairness of Q(¢). Barr, et al. [2] ad-
dressed this problem for spline interpolation of quater-
nion keyframes. He adopted the tangential component
of Q)(t) as a fairness measure.

Our approach focuses on the derivatives of angular
velocity rather than those of @Q(¢). The angular veloc-
ity w(t) is very useful for analyzing the infinitesimal
behavior of a rotational motion [12]. Accommodating
rotation and simplifying Equation (1), we get an objec-
tive function for a rigid motion R(t) = (P(t), Q(1)) €
R3 x §3:

BP.Q) = [ P + Al s,

where a and 3 are weighting factors. This formulation
generalizes the strain energy given in Equation (2).
Moreover, it is reduced to the fairness measure of Barr,

et al. when @ =0, # =4 and m = 2 [10].
3 PRELIMINARIES

3.1 Orientation Representation

From the fundamental theorem presented by Eu-
ler, any orientation of a rigid body can be represented
as a rotation about a fixed axis © € R3 through
an angle ¢ € [0,27). Using a unit quaternion ¢ =
(cos %, v sin %) € 53, the orientation is described by a
3D rotation R, € SO(3) in a global coordinate system
as follows:

Ry(p) = gpq~', forpe R3, (4)

where a point p = (z,y,z) in the global coordinate
system is interpreted as a quaternion (0, z,y, z). Note
that R, = R_,; that is, two antipodal points, ¢ and
—q represent the same rotation in SO(3). Therefore,
the mapping between S and SO(3) is 2-to-1.

Given a vector v = 09 € R3, the corresponding unit
quaternion defines the exponential map:

exp(v) = (cos 0, sinf) € S3. (5)

This map is surjective, but not one-to-one. To de-
fine its inverse function, we limit the domain so that
[|0]] < . Then, the exp(v) becomes one-to-one, and
the inverse map log(q) : S3/(—1,0,0,0) — R? are well-
defined.

Given a unit quaternion curve Q(t), its angular ve-
locity w(t) € R? is :

w(t) =2Q()Q™' (1), (6)

which is measured in the global coordinate system.
ﬁ is an instantaneous axis of the rotation, and
[lw(?)|] is the rate of change of a rotation angle about

the axis.



To interpolate two quaternion points ¢; and g9,
Shoemake suggested the slerp (spherical linear inter-
polation) which joins the two points along a geodesic
curve on S3 [17]:

g1 exp(t - log(q7 1 q2))
= q(q7" )" (7)

slerp(t; q1, q2)

3.2 Difference Operators
Given ordered points P = (pg,p1,- -+, Pn—1), Where
p; € R3, the difference operator is defined recursively

as follows:
Dp; = pi
Dipy = Di7lpy —Di7lp if j>0. (8)

Suppose that p;’s are a sequence of digitized points of
an unknown curve C'(¢) and that A is the time interval
between each pair of consecutive points. It is well-

D’p;
AT

known that

Pi. DAp’ is called a discrete tangent, and the magnitude

is a good approximation of CU)(t) at

of DZQ” is called a discrete curvature at p;. ||[D?P|| has
frequently been used as a measure of fairness in many
previous works [6]. As ||[D?P|| decreases, P gradually
straighten. Eventually, the points are on a straight
line segment when ||D?P|| = 0.

For a unit quaternion curve @(¢) describing a rota-
tional movement, the angular velocity of Q(t) can be

defined:

o log(Q)TIQ(t + At))
w(t) = lim, Al

Let ¢ = Q(t;),i = 0,---,n — 1. TFrom Q@ =
{490, 41, ", qn—1}, we approximate w(t) at ¢; :

+_ log(ei git1)
ofty) = 1B tiv1), ©)
Let Q;(t) : [tiytiz1] — SO(3) be a function which
varies from ¢; to ¢;41 with a constant angular velocity.
Then, w(?;) is the angular velocity of @;(t) at ;.
An analogy of the recursive definition in Equa-
tion (8) gives the following formula:

Whe = log(q; 'gis1),
Wig = Wil —Wilg, if j>1.(10)
witly,

Ay is a finite difference approximation of w(ty).
The behavior of W7 is analogous to that of D7 for
points in R®. As [|[IW2Q)|| declines to zero, ¢;’s approach
to a great arc on the unit hyper-sphere S3.

4 Energy functions

4.1 Discretization

Let P = (po,++ pn_1) and Q = (4o, 4n_1) be
an input sequence of rigid postures, where p; € R3 and
i € 53 for all i. Approximating ||P(™)|| and [jw(™=1)|
by [|[D™p;|| and ||W™g¢;||, respectively, the objective
function in Equation (3) is discretized:

n—m n—m
En(P,Q)=a Y [ID"pl”+8 Y W™ el (11)
i=0 i=0
which is called an m-th order energy function for a
rigid motion. Minimizing this function fairs the se-
quences, P and (). This problem can be divided into
two independent subproblems which minimize follow-
ing two functions, respectively:

En(P) = Y ID™pil’, and
i=0

EL(Q)

n—m
> Il (12)
i=0

4.2 Physical Analogy

Let f; and 7; be the force and torque at #;, respec-
tively, for i = 0,...,n — 1. They are exerted to make
a rigid body move along a path R(t;) = (P(t;:), Q(%:)),
where p; = P(t;) and ¢; = Q(t;).
and torque are proportional to || D®)p;|| and ||W®)g]],
their minimum values are achieved when the second

Since the force

order energy function vanishes.

The magnitude of the second order difference terms
are approximations of translational and angular accel-
erations, respectively. Similarly, the third order dif-
ference terms approximate rates of changes of the ac-
celerations. Hence, a motion with zero third order
difference terms has constant accelerations.

Let C,, be a class of motion data whose m-th or-
der energy function is zero. If [[D(™=V)| = 0 and
[[Wm=1|| = 0, then ||[D™)|| = 0 and ||W™)|| = 0.
Therefore, a motion R € C(p,—1) is also contained in
Cm. The converse does not always hold true. Hence,
we can conclude that a higher order energy function
gives a more broad class of motions. For examples, cir-
cular translation is contained in C3 but have non-zero
second order energy functions. Regular precession in
C4 1s a typical movement of a rotating top. The axis of
the top rotates uniformly about a fixed direction, de-
scribing a circular cone, and at the same time it rotates
about its own axis.



5 FAIRING ALGORITHM

We treat the problem of fairing as energy mini-
mization. Unfortunately, the energy function to be
minimized in Equation (11) is non-linear. There is no
known direct method to find a solution. For a small an-
gular displacement, the function can be approximated
by a linear function. Therefore, we adopt an iterative
numerical method to solve the problem.

5.1 Fairing Operators

Every existing fairing algorithm tries to strictly re-
duce an energy function at each step of iterations.
Formally stating, given a sequence of rigid postures
R = (P,Q), an m-th order fairing operator py, is de-
fined as follows:

R = pp(R),
such that
En(R*) < En(R). (13)
Consider the second order energy function:

E3(R) = E5(P)+ E5(Q)

= DDl + Y (IW7pll?, (14)
=0 i=0
where

D?p; = Pit2 — 2pit1 + i,
W2g; log(¢i 5i41) — log(aiyhai).  (15)

This function gives a minimum value when D2p; =0
and W2g; = 0. From these conditions, the equation
can be rearranged for p;’s and ¢;’s:

Pi = 2Piy1 — Pit2,
1
Pit1 = 5(}% + pit2),
Pit2 = 2pig1 — Di,
% = Qi+1qi_+12q5+l;
Giv1 = Q203140
Git2 = Qi+1qi_1(h'+l~

Shifting the indices of these equations, a fixed point
iteration is obtained:

R* = pa(R) = (p5(P), p5(Q)), (16)

where
2p1—p2, lf iIO,
p; = S(pici+piy1), f 0<i<n-—1,
2pn_2 — Pn-3, if i=n-— L,
0145 a1, if i=0,
G = G197 qi-1, if 0<i<n—1,

G247 aqn_s, if i=n—1.

In order to avoid unexpected oscillation, we accommo-
date damping terms 0 < A¢, A, < 1, which give:

where
p5(P) = Xps(P)+(1—X)P, and
pr(Q) = slerp(Ar;Q, p5(Q)).

Since operator D) is diagonal dominant, the fixed
point iteration converges. Due to the non-linearity of
W) the convergency of iteration of g} is not guaran-
teed. However, it can be regarded as a linear function
for a small angular displacement. Therefore, a suffi-
ciently small A, bounds the displacement at each step,
and the iteration is expected to converge.

Similarly, the fixed point iteration for a higher or-
der fairing operator can be derived. In particular, the
third oder fairing operator p3 gives the following iter-
ation:

R* = pa(R) = (p5(P), p5(Q)), (18)
where

p3 — 3p2 + 3p1, if i=0,
piy1 + 5(pic1 — pig2), if 0<i<n—2
Pr-s+ 2(Pno1 — pn-a), if i=n—2,
pn—4_3pn—3+3pn_2, if 1=n-— 1,
g1 - exp(2log(gs 'q1) — log(q3 'q2)),
if =20,
giy1 - exp(5(log(giysdit1)
+log(gqicy))),  if 0<i<n—2,
qn-3 - exp(—S(log(q; L qn-2)
+log(g; aqn_a))), if i=n—2
dn—2 - exp(log(qy ) 3qn—4)
—2log(¢toqn_s)), if i=n—1.

5.2 Termination Criteria

In general, a fixed point iteration terminates when
an error between R™) and R(°®) is within a toler-
ance. However, R(°) is not known. Our algorithm,



function FAIRINij)\h)\T(P(O), Q): ¢, €r)
begin
P=p0O
Q=Q®
while (max; ||pl(-0) —pi|| < &) and
(maxi(dist(qgo), 7)) < € )
begin
P = p},(P)
Q=pn(Q)
end

return (P, Q)

end.

Figure 1: The fairing algorithm

described in Figure (1), bounds the error between R(%)
and R(®) instead of that between R(*) and R(*®). Tt
is reasonable to measure the error of P by Euclidean
distance between the initial position pz(.o) and the final
(k (0)

) . .
; '+ Since quaternion points g¢;

position p and qgk) are
on the unit hyper-sphere S3, the distance should be the
length of a geodesic curve joining the two points, and
the length is equivalent to the angle between them.
Since qgo')
we define the distance between two unit quaternions

as follows:

dist(qgo), qgk)) |
= min(angle(q;”), o)), angle(~¢(”, o)),
= min(cos™ (" - ¢f")), cos™! (=" - 4{*))).
(19)

Given user-specified error bounds ¢; and e,, the algo-

and —qgo) represent the same orientation,

rithm terminates at the k-th iteration when the fol-
lowing conditions are not satisfied:

max[[pf” —p{"|| < «  and

0) (k)))

m_ax(dz'st(qg ' q; < €. (20)

These terminating conditions guarantee that every re-
sulting data point is within a given bound from its
initial position.

6 EXPERIMENTAL RESULTS

To apply our algorithm, we need to determine the
order of a fairing operator and damping factors. The
order is related to the quality of a produced motion.
Let C,, be a class of motions which make the m-th or-
der energy function zero. Then, fairing motion data is

interpreted as a projection of the data onto C,,. Since
C, C Cy for n < m, a higher order fairing opera-
tor projects the data within a smaller error bound.
We perform experiments with the second order and
the third order fairing algorithms. The initial data
¢;’s are sampled from a quaternion spline interpolation
curve with random perturbations ||§!|] < 10(mm) and
[|67]] < 0.1(radians), assuming that p;’s are placed in a
cube whose size is 400 x 400 x 400 (mm3). Figure (2)
shows the average errors E?IO(cos‘l(qgo) . qgk)))/n of
the second and the third order algorithms. The aver-
age error of the third order algorithm converges within
the range of perturbation. However, the second order
algorithm deforms the data too much.

An iteration converges when p,, satisfies the condi-
tion of fairing in Equation (13). Unfortunately, it is
hard to find such an operator p,, because the energy
function is non-linear. In practice, we can make the
iteration converge by properly choosing a reasonably
small damping factor. Figure (3) plots the average
errors for variants of A.. The large damping factor
causes the iteration to converge at a local minimum.

Figure (6)—(5) shows an example with 100 data
points for m = 3, A; = 0.5, and A, = 0.1. The ini-
tial motion, depicted in Figure (6), is generated by
perturbing sample data from a spline curve. The per-
turbation is performed within 0.2(radians) for rotation
and 20(mm) for translation. Fairing in R?® with 100
iterations gives smooth translation as shown in Fig-
ure (7) where the trajectory is well smoothed but its
rotation wiggles. Figure (8) demonstrates the final
motion where its orientation is also faired with 100
iterations. Figure (4) and (5) show acceleration and
angular acceleration plots, respectively. The accelera-
tion and the angular acceleration are rapidly reduced
at first 10 steps. The experiments are performed on
an SGI Indigo 2 with 133 MHz CPU clock. It takes
only a second to fair 300 data points containing both
translation and orientation with 100 iterations. Our
algorithm is sufficiently fast for real-time applications.

7 CONCLUSIONS

Given captured motion data, the proposed algo-
rithm fairs both translational and rotational compo-
nents. We formulate the fairing in terms of non-linear
optimization. The m-th order energy function which
is a generalization of the strain energy function is
adopted as an objective function to be minimized. We
discretized the energy function with the recursive dif-
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Figure 7: After translational fairing

Figure 8: The final faired motion

ference operators, which approximate derivative terms
in the energy function. To minimize the discretized en-
ergy function, we have derived fairing operators which
iteratively reduce the function. The convergency of
the algorithm is achieved by properly adjusting the
damping factors.
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